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We apply a two-body random ensemble to a hypothetical system of spinless fermions
occupying a one-dimensional rotationally invariant orbit in order to study the statistical
tendencies of spins of ground states for a random two-body interaction. We also investigate
the origin of the dominance of spin-zero ground states of a single-j shell in the nuclear shell
model, which can be interpreted geometrically as a particular case of the simple hypothetical
model we consider. Assuming a specific symmetry, or the doublet structure due to time-
reversal symmetry, it is found that the ensemble has a preference for a ground state whose
spin is zero. We demonstrate how the time-reversal symmetry and its doublet structure
affect this ground state tendency.
§1. Introduction
Random matrix theory is one of the most useful methods for studying the sta-
tistical properties of quantum chaos in many-body systems whose interactions are
not clearly understood.1) Because many physical objects are assumed to have a
Hamiltonian consisting of one-body and two-body interactions, the two-body ran-
dom ensemble (TBRE) has been used in many studies investigating the statistical
properties of the spectra of many-body systems.2),3) The one-body interaction is
often omitted for simplicity.
Johnson et al.4) found that the ground states in the nuclear shell model, obtained
with the TBRE, tend to have Jπ = 0+ in even-even nuclei, even though the size of
the Jπ = 0+ subspace is very small in comparison with that of the entire Hilbert
space. The search for the origin of this phenomenon, which is called “J = 0 domi-
nance,” has been an important topic since that finding. In studies of this topic, the
Gaussian orthogonal ensemble (GOE) in two-body system is often used to make the
TBRE preserving time-reversal symmetry.2),3) In the GOE, the Hamiltonian pre-
serves time-reversal symmetry, and its matrix elements are real numbers generated
randomly, according to the Gaussian distribution.
In the case of realistic nuclei, the ground states of even-even nuclei have Jπ = 0+,
without any exception. This phenomenon is attributed to be the pairing correlation.
In the random case, Bijker et al. reported that time-reversal symmetry cannot be
the origin of the J = 0 dominance due to random interactions, by introducing a
Gaussian unitary ensemble (GUE) instead of GOE.5) In the GUE, each matrix
element of the Hamiltonian is taken to be a complex number, and time-reversal
symmetry is broken. Johnson et al. also showed that the generalized seniority
produced by a random Hamiltonian possesses a robust pairing feature in the two-
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body interactions.6) In addition, Ref. 9) suggests that the two-body states of time-
reversal pairs increase the trace of the Hamiltonian matrix of even J states in the
TBRE. Various further investigations have been done to search for the origin of the
J = 0 dominance,7),8),10)–12) but it is not yet clearly understood. Spectral widths10)
and energy centroids9) were investigated by focusing on eigenvalue distributions.
Another direction of study has been the use of simplified models. For example,
Zhao et al.13),14) studied a single j = 7/2 shell system, which is so simple that its
exact eigenstates can be obtained analytically, and found empirical rules for the
probabilities of the ground state spin. Kaplan et al.15) studied a system composed
of spin 1/2 with zero orbital angular momentum. That system exhibits strong J = 0
dominance without any indication of pairing correlation. They conjectured that
the J = 0 dominance arises through “the coupling of time-reversed fermions”. In
addition, they studied a spinless system and demonstrated the localization of the
eigenstates in Fock space, although the low-lying spectra were not studied.16)
In this work, we elucidate the role of time-reversal symmetry and the pair struc-
ture of the two-body interaction in the J = 0 dominance phenomenon. For this
purpose, we introduce a hypothetical one-dimensional system consisting of spinless
fermions under periodic conditions, which is geometrically much simpler than the
three-dimensional system in the nuclear shell model. Because the study of the J = 0
dominance of the nuclear shell model is very complex, due to the preservation of the
rotational symmetry of the three-dimensional space, we introduce a two-dimensional
rotation with a one-dimensional variable and omit the intrinsic spin of fermions.
This system has a good quantum number M , corresponding to the z-component of
the angular momentum, Jz, in the case of three-dimensional rotation. One of our
aims is to study the ground-state properties of this one-dimensional system.
We describe this hypothetical system in §§2 and 3, and its ground-state prop-
erties in detail in §4. For simplicity, we introduce a small one-dimensional system
and analytically investigate it in §5. In §6, we study a single-j system in the nuclear
shell model for comparison. Finally, we summarize this work in §7.
§2. Spinless fermions with preserved rotational symmetry
We introduce a hypothetical one-dimensional system with spinless fermions un-
der periodic boundary conditions. An orbit of these spinless fermions is taken to be
a circle in two-dimensional space. Because this system is assumed to preserve rota-
tional invariance, it has a good quantum number M corresponding to the quantum
number of the rotational symmetry.
We define a single-particle wave function of this system as
〈φ|m〉 = eimφ, (2.1)
where φ is the angle of the position P in Fig. 1, and m is the z-component of
the angular momentum. Because this system consists of spinless fermions, it is
reasonable that m is regarded as an integer. There are 2mm + 1 single-particle
states, | − mm〉, | − mm + 1〉, | − mm + 2〉, ...|mm − 1〉, and |mm〉, where mm is the
largest value of m. In addition, we consider the fictitious case in which m is half
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Ground State Properties with a Random Two-Body Interaction 493
integer, in order to facilitate comparison with the case of the single-j shell system in
the nuclear shell model considered in §6.
Fig. 1. Schematic picture of the system con-
sisting of spinless fermions with rotational
symmetry.
In the second-quantized form, the
creation operator for a spinless fermion
whose z-component of the angular mo-
mentum is m, c†m, is defined as
|m〉 = c†m|−〉, (2.2)
where |−〉 is the vacuum state.
A general two-body interaction of
this system is written as
Hˆ =∑
m1≥m2,m3≥m4
Vm1m2m3m4c
†
m1c
†
m2cm4cm3 ,
(2.3)
where the two-body matrix element
Vm1m2m3m4 = Vα,α′ is written as
Vm1m2m3m4 = 〈m1,m2|Hˆ|m3,m4〉. (2.4)
We next introduce α ≡ (m1,m2), which represents a two-body state with m = m1
and m2, and using it, Eq. (2.4) is rewritten as
Vα,α′ = 〈α|Hˆ|α′〉, (2.5)
where Vα,α′ is a hermitian matrix.
We assume that the Hamiltonian is invariant under rotation about the origin of
the coordinate axes, O, in Fig. 1 throughout this work. The operator of the rotation,
Jˆz, satisfies
Jˆz|m〉 = m|m〉. (2.6)
Because it commutes with the Hamiltonian in Eq. (2.3), the total angular momentum
M can be taken as a good quantum number. We apply to the Hamiltonian matrix
in Eq. (2.4) the condition
Vm1m2m3m4 = 0 if m1 + m2 = m3 + m4, (2.7)
so that the Hamiltonian preserves the rotational symmetry. Hereafter, we refer to
this one-dimensional system in which rotational symmetry is preserved on the “M
system”. We apply the TBRE to the M system and study its ground state properties
in the following sections.
§3. Systems with and without time-reversal symmetry
For our time-reversal symmetry preserving ensemble, we consider the two-body
matrix elements of the TBRE provided by the GOE,
Vα,α′ = 0, (3.1)
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V 2α,α′ = v
2(1 + δαα′) (3.2)
and
Vα,α′Vβ,β′ = 0 if (α, α′) = (β, β′), (3.3)
where Vα,α′ is a real number generated randomly according to a Gaussian distribu-
tion, v is a constant, and V 2 denotes the ensemble average of V 2. If time-reversal
symmetry is assumed in the Hamiltonian of the nuclear shell model, all the matrix
elements can be selected as real numbers, and the GOE is suitable.
In the M system, one more condition is required to preserve time-reversal sym-
metry. The time reversal operator Θˆ is defined as
Θˆ = KˆUˆ , (3.4)
where Uˆ is a unitary operator and Kˆ is the complex conjugation operator, which
operates only on the coefficients of the wave functions, but not on the wave functions
themselves.17) The basis |m〉 is transformed by Uˆ as
| −m〉 = Uˆ |m〉. (3.5)
A general wave function, which is written as a linear combination of the basis states
|m〉, is transformed by this operator as
Θˆ
∑
m
fm|m〉 =
∑
m
KˆfmUˆ |m〉 =
∑
m
f∗m| −m〉, (3.6)
where fm is the coefficient of the linear combination. The operator K operates only
on the coefficient fm, not the basis state |m〉, and therefore it depends the basis and
does not have significant physical meaning independently.
The strengths of the two-body interaction are limited to real numbers and satisfy
the condition
Vm1m2m3m4 = V−m2−m1−m4−m3 (3.7)
in order to preserve the time-reversal symmetry of the Hamiltonian. The GOE un-
der the condition Eq. (3.7) preserves time-reversal symmetry. Note that Eq. (3.7)
represents only invariance under the transformation generated by the operator Uˆ ,
not time-reversal invariance. The symmetry with respect to the transformation
generated by the operator Uˆ corresponds to the equivalence of clockwise and coun-
terclockwise rotations. We can interpret this symmetry as a geometrical property of
the Hamiltonian. This symmetry can also be interpreted as a line symmetry around
the x-axis, or reflection symmetry. For the Hamiltonian which is invariant under the
Uˆ transformation, the states |m〉 and | − m〉 are necessarily degenerate. Hereafter,
we refer to these two degenerate states and the symmetry as the U -doublet and U
symmetry, respectively.
In order to investigate the effect of the time-reversal symmetry and its complex
conjugate operator, we introduce the GUE, which breaks the time-reversal symmetry.
In this ensemble, we consider a two-body Hamiltonian matrix in Eq. (2.3) of the form
Vαα′ =
Sαα′ + iAαα′√
1 + 2
, (3.8)
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Ground State Properties with a Random Two-Body Interaction 495
where i is the imaginary unit, and Sαα′ and Aαα′ are real symmetric and antisym-
metric matrices, respectively.5) The matrix elements of Sαα′ and Aαα′ are randomly
generated according to Gaussian distributions:
S2αα′ = v
2(1 + δαα′) (3.9)
and
A2αα′ = v
2(1− δαα′). (3.10)
In the present work,  is taken to be 1, except where we particularly mention. We
construct the GUE so that it preserves the U symmetry but, at the same time, breaks
the time-reversal symmetry in Eq. (3.4). We study the ground state properties of
the GUE in the next section.
§4. Ground state properties of the M system
In this section, we present some results concerning the ground state properties
of the ensembles of M systems consisting of 6 identical particles in the mm = 11/2
orbit and discuss the effect of symmetries possessed by the Hamiltonian.
Figure 2 plots the probability of the ground state with M = Mgs for various en-
sembles, P (Mgs). The plots in Fig. 2(a) show the probability of the ground states for
Fig. 2. Probability of the ground state spins for 6 identical particles in the mm = 11/2 system.
These results were obtained using (a) GOE without the U symmetry, (b) GOE with the U
symmetry, (c) GUE without the U symmetry, and (d) GUE with the U symmetry, respectively.
They were obtained from 1000 runs of the TBRE. The dotted curves represent the ratios of the
sizes of the Hilbert spaces of M = Mgs to that of the entire space.
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a range of values of Mgs in the GOE of the M system without assuming U symmetry.
Although P (Mgs = 0) is larger than P (Mgs) for other values of Mgs, it is not large
in comparison with the case in which there exists time-reversal symmetry. We can
conclude that P (Mgs) without time-reversal symmetry is consistently proportional
to the ratio of the sizes of the Hilbert spaces of M = Mgs to that of the entire space,
which is represented by the dotted curve in Fig. 2(a).
The case considered in Fig. 2(b) is the same as that in (a), except for the
existence of the U symmetry. In this case, the ensemble preserves time-reversal
symmetry. Because the states with the value M and −M are necessarily degenerate,
the probabilities for negative values of M are omitted. Surprisingly, P (Mgs = 0) in
Fig. 2(b) is prominently large in comparison with the size of the Hilbert space with
M = 0. Hereafter, we refer to the property that the ground state tends to have
M = 0 as “M = 0 dominance”.
The plots in (c) and (d) are the results of the GUE with and without U-
symmetry. It is seen that their behavior is almost the same as that in the cases
(a) and (b), respectively. The plot in (c) shows M = 0 dominance even though
it does not have time-reversal symmetry. Noting this fact, we conjecture that the
origin of the M = 0 dominance is the symmetry expressed in Eq. (3.7), resulting
from the U symmetry, not time-reversal symmetry.
Regarding the nuclear shell model, Bijker et al. showed that the GUE also yields
J = 0 dominance and that the probability for a J = 0 ground state in the GUE
is slightly larger than that in the GOE.5) In their work, the structure of the two-
body interaction they used is preserved in the ensemble, and only the time-reversal
symmetry is broken, not the U symmetry, which is realized, e.g., by Eq. (3.7).
Fig. 3. Probability that the ground state spins
satisfy Mgs = 0 for 6 identical particles in
the mm = 11/2 system as a function of
the quantity  appearing in Eq. (3.8). The
symbols with the solid curve represent the
results with U symmetry, and those with
the dotted line represent the results with-
out U symmetry. These data were obtained
from 1000 runs of the TBRE.
It seemed that the origin of the J =
0 dominance is not time-reversal sym-
metry but the symmetry expressed by
Eq. (3.7), i.e., the U symmetry.
In the present result, we have shown
that M = 0 dominance occurs in
a system with time-reversal symmetry
and does not occur in a system with-
out time-reversal symmetry. On the
other hand, both systems with time-
reversal symmetry and without time-
reversal symmetry exhibit J = 0 domi-
nance in the three-dimensional nuclear-
shell-model system.5)
The difference between the present
result and Bijker’s work regards the
question of whether the invariance un-
der the U transformation is preserved in
the system without time-reversal sym-
metry. In that work, the structure of
V , or the condition in Eq. (3.7), is pre-
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Fig. 4. Probabilities that Mgs = 0 in the mm = 5 (a), mm = 11/2 (b), mm = 6 (c), and mm = 13/2
(d) systems as a function of the number of particles. These data were obtained from 1000 runs
of the TBRE.
served and only the matrix element of the two-body interaction is enhanced to a
complex number obeying the GUE. The tendency of the ground-state spin is changed
very little. In the present work concerning the M system discussed in §3, the corre-
sponding study is that depicted in Figs. 2(b) and (c), although we can also consider
the M system without the condition given in Eq. (3.7).
Figure 3 shows how P (Mgs = 0) depends the quantity  appearing in Eq. (3.8).
It is seen that P (Mgs = 0) smoothly increase as a function of . This tendency is
similar to that in the case of the nuclear shell model.5)
Figure 4 plots P (Mgs = 0) for systems with mm = 5, 11/2, 6, and 13/2. We omit
the case of an odd number of particles in the mm = 11/2 and mm = 13/2 systems,
because no many-body M = 0 state exists. In these figures, the values of P (Mgs = 0)
for the GUE are slightly larger than those for the GOE, and these probabilities for
the ensembles with U symmetry are far larger than those without U symmetry. We
have checked many systems with values of mm smaller than 13/2, and we found that
a similar tendency exists in systems larger than that of 3 particles with mm = 2. The
smallest system having this tendency is discussed in §5. In systems with half-integer
values of mm, such as mm = 11/2 and mm = 13/2, we can also see strong staggering
behavior in the case of a small number of particles or holes.
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498 N. Shimizu and T. Otsuka
When we take the matrix elements to be complex numbers distributed according
to the GUE under the condition given in Eq. (3.7), the M system has U symmetry.
From the results presented in this section, because M = 0 dominance exists only in
the case of U symmetry, we can conclude that the origin of the M = 0 dominance is
the U symmetry possessed by the Hamiltonian.
§5. Simple case of the M system
In this section, we demonstrate how U symmetry brings about M = 0 dominance
through study of an analytically solvable model. We investigate a system consisting
of 3 particles in mm = 2 orbits, which is the smallest system for which M = 0
dominance is realized.
Here, we assume that the system is rotationally invariant without U symmetry.
The two-body basis in this system is defined as
|L = −3〉 = c†−1c†−2|−〉,
|L = −2〉 = c†0c†−2|−〉,
|L = −1, 1〉 = c†1c†−2|−〉,
|L = −1, 2〉 = c†0c†−1|−〉,
|L = 0, 1〉 = c†1c†−1|−〉,
|L = 0, 2〉 = c†2c†−2|−〉,
|L = 1, 1〉 = c†2c†−1|−〉,
|L = 1, 2〉 = c†1c†0|−〉,
|L = 2〉 = c†2c†0|−〉,
|L = 3〉 = c†2c†1|−〉, (5.1)
where L is the expectation value of the angular momentum 〈Jˆz〉 of the two-body
system. For example, |L = −1, 2〉 denotes the second state of L = −1.
The two-body Hamiltonian is rewritten as
Hˆ =
∑
m1≥m2,m3≥m4
Vm1m2m3m4 c
†
m1c
†
m2cm4cm3
=
∑
m1≥L2 ,m3≥L2 ,L
δm1+m2,Lδm3+m4,L V
L
m1,m3
×c†m1c†m2cm4cm3 , (5.2)
where V Lm1,m3 is the Hamiltonian matrix whose two-body basis has angular momen-
tum L and is generated randomly according to the Gaussian distribution in Eqs. (3.2)
and (3.3) for the TBRE.
Table I lists the ground state probabilities with Mgs in the system consisting of
mm = 3 and 3 spinless particles. In this table, the row labeled “H. dim” contains the
dimension of the Hilbert subspace with the corresponding value of M . The following
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Ground State Properties with a Random Two-Body Interaction 499
Table I. Probabilities of the ground state spins (Mgs) for various ensembles of the system with
mm = 2 and 3 particles. These results were obtained from 1000 runs. (See main text for
details.)
Mgs −3 −2 −1 0 1 2 3
H. dim. 1 1 2 2 2 1 1
GOE, no-U [%] 7.8 6.7 21.8 25.2 23.8 7.6 7.1
GOE, U [%] - - - 54.4 26.9 12.5 6.2
GUE, no-U [%] 5.5 7.6 25.7 23.6 24.5 6.8 6.3
GUE, U [%] - - - 54.0 30.6 10.6 4.8
rows contain the results for P (Mgs) in the case of the GOE without U symmetry
(GOE, no-U), the GOE with U symmetry (GOE, U), the GUE without U symmetry
(GUE, no-U), and the GUE with U symmetry (GUE, U), respectively.
Because the states with M and −M are necessarily degenerate, the probabilities
for negative Mgs are omitted in the table for the systems with U symmetry. We can
see that the probability distribution seems to depend not on the type of ensemble,
but on the existence of U symmetry. In the cases with U symmetry there is M = 0
dominance, which means a large probability that Mgs = 0. We thus see that it
is the U symmetry which plays an important role in the M = 0 dominance, not
time-reversal symmetry.
The Hamiltonian matrix in the two-body system is written
HL=−3 = (G−3),
HL=−2 = (G−2),
HL=−1 =
(
G−11 F
−1
F−1∗ G−12
)
,
HL=0 =
(
G01 F
0
F 0∗ G02
)
,
HL=1 =
(
G11 F
1
F 1∗ G12
)
,
HL=2 = (G2),
HL=3 = (G3), (5.3)
where G and F denote the diagonal and non-diagonal matrix elements, respectively,
and the index “∗” represents complex conjugation. For example, G01 represents the
diagonal matrix element whose basis state is |L = 0, 1〉 in Eq. (5.1), and it is equal
to V Lm1=1,m1=1 in Eq. (2.4).
The basis functions of the three-body system are defined as
|M = −3〉 = c†0c†−1c†−2|−〉,
|M = −2〉 = c†1c†−1c†−2|−〉,
|M = −1, 1〉 = c†2c†−1c†−2|−〉,
|M = −1, 2〉 = c†1c†0c†−2|−〉,
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|M = 0, 1〉 = c†2c†0c†−2|−〉,
|M = 0, 2〉 = c†1c†0c†−1|−〉,
|M = 1, 1〉 = c†2c†1c†−2|−〉,
|M = 1, 2〉 = c†2c†0c†−1|−〉,
|M = 2〉 = c†2c†1c†−1|−〉,
|M = 3〉 = c†2c†1c†0|−〉, (5.4)
where M is the angular momentum of each basis state.
The Hamiltonian matrix elements in this three-body basis are given by
HM=−3 = (G−12 + G
−2 + G−3),
HM=−2 = (G02 + G
−1
1 + G
−3),
HM=−1 =
(
G11 + G
0
1 + G
−3 F 1
F 1∗ G12 + G
−1
1 + G
−2
)
,
HM=0 =
(
G2 + G01 + G
−2 F 0
F 0∗ G12 + G02 + G
−1
2
)
,
HM=1 =
(
G3 + G01 + G
−1
1 F
−1
F−1∗ G2 + G11 + G
−1
2
)
,
HM=2 = (G3 + G11 + G
0
2),
HM=3 = (G3 + G2 + G12). (5.5)
This system does not possess the M = 0 dominance property, because the distrib-
utions of the eigenvalues of the matrix elements HM=−1, HM=0, and HM=1 are all
the same.
Now, we apply the condition given in Eq. (3.7) to this system. This condition
can be rewritten as
G−3 = G3,
G−2 = G2,
G−11 = G
1
1,
G−12 = G
1
2,
F−1 = F 1. (5.6)
From these equations, HM=0 and HM=1 are formed to be
HM=0 =
(
2G2 + G01 F
0
F 0∗ 2G12 + G02
)
, (5.7)
HM=1 =
(
G3 + G11 + G
0
1 F
1
F 1∗ G2 + G12 + G11
)
.
Note again that G and F are generated randomly according to the Gaussian distrib-
ution, and their variances are 2v2 and v2, respectively. The matrix element HM=−1
has the same structure as HM=1, due to the degeneracy caused by the U symmetry.
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Ground State Properties with a Random Two-Body Interaction 501
The diagonal matrix elements of HM=1 (e.g., G3 +G11 +G
0
1) have variance 6v
2,
while the diagonal matrix elements of HM=0 (e.g., 2G2 + G01) have larger variance,
10v2. The sum of the time-reversal pair of two-body matrix elements (e.g., 2G2 =
G2 +G−2) increases the variance of the matrix elements of HM=0. Such an increase
of the variances occurs only in the M = 0 subspace. As a result, the distribution of
the eigenvalues of the Hamiltonian with M = 0 is broader than those of the other
eigenvalues. The degeneracy of the time-reversal pair of the two-body interaction
increases the variance of the eigenvalue distribution of HM=0. This U doublet could
correspond to “the coupling of time-reversed fermions” referred to in Ref. 15).
Thus, the diagonal matrix elements of the Hamiltonian matrix with M = 0
are expected to have a relatively broad distribution, due to the degeneracy of the
time-reversal-partner state. Generally, the probability of the ground state with M
increases with the width of the distribution of HM . This tendency is independent of
whether the ensemble is the GOE or the GUE, and it is consistent with the discussion
given in §4.
We thus see that such differences among the variances cause the M = 0 domi-
nance, because the probability that a state in a given subspace will be realized as the
ground state increases with the relative size of the variance of the eigenvalue distrib-
ution of that subspace. In addition, correlation enhances the M = 0 dominance. In
the nuclear shell model, investigations of the relation between the spectral width of
the eigenvalue distribution and the probability of the ground state have been carried
out by Papenbrock and Weidenmu¨ller in Refs. 10) and 11).
§6. The nuclear shell-model Hamiltonian in the TBRE
In this section, we study the J = 0 dominance in the nuclear shell model and
compare it with the M = 0 dominance in the M system. In the previous sections,
we have elucidated the ground-state properties of a hypothetical one-dimensional
system (M system) and demonstrated that the pair structure of the U symmetry
in Eq. (3.7) causes M = 0 dominance. Because the Hamiltonian in the nuclear
shell model is invariant under three-dimensional rotations, it possesses a larger set of
symmetries, or more restrictions on the matrix elements of the two-body interaction
than in the case of the M system. Our investigation of the M = 0 dominance helps
us understand the mechanism of the J = 0 dominance.
In the nuclear shell model, the Hamiltonian is expected to have rotational sym-
metry in the three-dimensional space. Because the effect of the one-body interaction
is limited, the one-body interaction is omitted in the random matrix theory, whereas
a realistic Hamiltonian in the nuclear shell model usually consists of both one-body
interactions and two-body interactions. We restrict the model space to a single-j
shell for simplicity.
For comparison of this single-j shell and the M system, we regard the z-component
of the angular momentum in the single-j shell as the angular momentum of the M
system and use the same notation, mi, as in the M system. Now, we can show that
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Fig. 5. Probabilities of the ground state spins
for 6 identical particles in the single j =
11/2 shell. These results were obtained
from 1000 runs of the TBRE.
Fig. 6. Probability of the ground state spin.
The filled symbols with dotted curve rep-
resents the probability for 6 identical par-
ticles in the single j = 11/2 shell as a
function of the z-component of the angu-
lar momentum of the ground state, Mgs.
The open boxes represent the data ob-
tained from the TBRE Hamiltonian ap-
pearing in Eq. (6.2). The open circles show
the ground state probabilities of the M sys-
tem. They were obtained from 1000 runs
using the TBRE Hamiltonian.
the Hamiltonian of the single-j shell satisfies the condition
Vm1m2m3m4 =
∑
J
2GJ〈j,m1, j,m2|j,m1 + m2〉
×〈j,m3, j,m4|j,m3 + m4〉, (6.1)
in Eq. (2.3) using the Clebsch-Gordan coefficients. In the TBRE, GJ is a random
number of variance 2v2. Thus, we can regard the single-j system as a special case of
the M system which satisfies Eq. (6.1).
Figure 5 plots the probability distribution for the spin of the ground states (Jgs)
obtained from the TBRE Hamiltonian of 6 identical particles in the single j = 11/2
shell. We can see that the probability of realizing Jgs = 0 is extremely high, and
J = 0 dominance exists. At the same time, the probability that Jgs is maximal, i.e.
17, is also rather high. This feature is a peculiar characteristic of a single-j shell.8)
The form of Vm1m2m3m4 in Eq. (6.1) for the nuclear shell-model Hamiltonian
satisfies the properties of time-reversal symmetry, given explicitly in Eq. (3.7), ac-
cording to the symmetry properties of the Clebsch-Gordan coefficients.
In a three-dimensional system, the eigenstates whose total angular momentum
is J consist of 2J + 1 degenerate states, whose z-components are −J,−J + 1,−J +
2, ..., J−1 and J . In the M system, three-dimensional rotational symmetry is broken
but the one-dimensional rotational symmetry is preserved. Thus, 2J + 1 degener-
acy disappears, and only the degeneracy of states having M and −M remains and
corresponds to the U -doublet. In order to identify the states, we use only positive
values of M for simplicity. Thus, there are J+1 states with total angular momentum
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J . The z-components of the angular momentum for these states are 0, 1, 2, ..., J − 1
and J . The probability that the ground state spin is M is assumed to be equally
distributed by the probability for the ground state spin having J .
The filled circles in Fig. 6 represent the probabilities for the ground state to be
spin M , employing the assumption that the probability of the state with spin J is
distributed homogeneously over the M = 0, 1, 2, ..., J values of the z-component. We
see that the probability that M = 0 is significantly larger than the probabilities for
the other values.
In order to compare the result for the three-dimensional system with that for
the M system, we add small fluctuations that break the three-dimensional rotational
symmetry of the original Hamiltonian, such as
Hˆ = HˆSM + × HˆM, (6.2)
where HˆSM is the nuclear-shell-model Hamiltonian for a single-j shell, HˆM is the
Hamiltonian of the M system with mm = j, and  is an infinitesimal quantity. The
open boxes in Fig. 6 represent the probability for this system with small fluctuations.
We see that these results agree quite well with the results obtained using the equal
distribution assumption.
In addition, we present the results for the M system assuming time-reversal
symmetry, which was discussed in §4. The filled circles represent the probabilities
that the ground states have the corresponding values of M . These results are sim-
ilar to the previous ones obtained using the nuclear-shell-model Hamiltonian. The
probability of realizing M = 0 is dominantly large, and the probability decreases as
a function of M .
The large value of the probability of the M = 0 ground state in the M system
helps us understand the origin of the J = 0 dominance in the nuclear shell model.
This observation is consistent with the results obtained in Ref. 9). Note that the
nuclear-shell-model Hamiltonian satisfies Eq. (3.7) only for a single-j shell. In many-j
shells, another mechanism might produce such J = 0 dominance (see, e.g. Ref. 18)).
In Ref. 19), it is shown that the probabilities of J = 0 ground states for a single-j
system are staggered when j = 3k − 32 (where k is a positive integer). Because this
staggering coincides with an increase in the number of J = 0 states, we conjecture
that it is closely related to the three-dimensional rotational invariance. We cannot
see such staggering in the M system.
§7. Concluding remarks
We have investigated the properties of the M system consisting of spinless fermi-
ons, and compared this system to the single-j shell system in the nuclear shell model.
We also showed how time-reversal symmetry and its geometrical part (U symmetry)
affect the J = 0 dominance and M = 0 dominance phenomena. In the M system,
we investigated four ensembles: the GOE without U symmetry, the GOE with U
symmetry, the GUE without U symmetry, and the GUE with U symmetry. It was
shown that M = 0 dominance exists in both of the ensembles with U symmetry.
We demonstrated how U symmetry produces M = 0 dominance by studying a
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small system, both in terms of size and the number of particles, in §5. We found that
under U symmetry, the matrix element GL has the same value as its time-reversal
partner matrix element, G−L. If a sufficient number of particles exist and GL and
G−L have very large negative values, these large time-reversal matrix elements tend
to form two-particle pairs having L and −L. This effect increases the variance of the
Hamiltonian matrix elements of HM=0, and the ground state of the whole system
thus tends to be M = 0.
We also investigated the J = 0 dominance of the single-j shell system in the
nuclear shell model, and we found that the distribution of M for the ground states
is similar to that of the M system in the case with U symmetry. The nuclear shell
model Hamiltonian also has U symmetry in its structure, and the distribution of
the spin of the ground state possesses features similar to the M = 0 dominance.
It appears that J = 0 dominance is closely related to M = 0 dominance and U
symmetry. The important role of time-reversal pair in the nuclear shell model was
also pointed out in Ref. 9).
The U symmetry can be interpreted as a reflection symmetry. Generally, re-
flection symmetry is considered to be a part of parity symmetry. Studies of ground
state properties related to other symmetries, including parity symmetry, in three-
dimensional rotationally-invariant systems are in progress.
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